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Abstract
We introduce extremely symmetric primes and provide some elementary
properties of these.
1 Introduction
Symmetric primes were introduced by Fletcher, Lindgren and Pomerance in [3]. Let
p and q be primes and consider the rectangle determined by the positive x and y
axes and the point (p/2, q/2). The main diagonal is the line from the origin to
(p/2, q/2). The primes p and q are defined to be symmetric if the number of lattice
points above and below the main diagonal of this rectangle are equal. An equivalent
and more useful characterisation, established in [3], is that p and q are symmetric if
(p − 1, q − 1) = |p − q|, where ( , ) represents the greatest common divisor. Twin
primes are therefore symmetric. It follows that, if (p, q) is a symmetric pair with
p < q, then q ≤ 2p− 1 and, if p and 2p− 1 are prime, then (p, 2p− 1) is a symmetric
pair. If a prime p is a member of no symmetric pair then it is called asymmetric.
The density of the symmetric primes has been studied in [3] and [1]. Define the
constant η by
η := 1−
1 + log log 2
log 2
and let S(x) denote the number of symmetric primes less than x. Then, from [1],
S(x) ≤
pi(x)
(log x)η
(log log x)O(1)
when x is large enough and it is conjectured that
S(x) = O
(
pi(x)
(log x)η+o(1)
)
.
The same paper showed that, for any integer m, there is a sequence of m consecu-
tive primes such that any two primes in the sequence forms a symmetric pair. One
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consequence of this is that the number of symmetric primes is infinite. The upper
bound on S(x) can be used to show that the sum of the reciprocals of the symmetric
primes is finite. If P is the set of primes,
∑
p∈P
1
p
diverges. Therefore, the number of
asymmetric primes is infinite.
In this paper we will examine symmetric sequences which are finite sequences of
primes in which any two primes in the sequence is a symmetric pair. We note that
there are no infinite symmetric sequences of primes because, if p is the smallest prime
in a symmetric sequence, all other primes in the sequence must be ≤ 2p− 1.
2 Symmetric triples
A symmetric triple is a set of three primes, any two of which forms a symmetric pair.
We write the set as (p, q, r) where p < q < r ≤ 2p− 1.
Lemma 2.1. There are no symmetric triples in the form (p, p + 2, p + 6). The set
(p, p+ 4, p+ 6) is a symmetric triple only if p = 1 (mod 12).
Proof. If p = 1 (mod 3), then p + 2 is not prime. If p = 2 (mod 3), then {p, p + 6}
cannot be a symmetric pair as 6 ∤ p− 1. This proves the first statement. If {p, p+4}
is a symmetric pair, p = 1 (mod 4). If {p, p+6} is a symmetric pair, p = 1 (mod 6).
The second statement follows.
Examples of such symmetric triples include {13, 17, 19}, {37, 41, 43}, {97, 101, 103}
etc. On the other hand, {7, 11, 13} is not a symmetric triple as (7−1, 11−1) 6= 4.
Another example of a symmetric triple is the set (p, p + p−1
2k+1
, p + p−1
2k
) for k ≥ 0
provided:
• 2k+1 divides p− 1 and
• all three numbers are prime.
Lemma 2.2. There are no symmetric pairs (p, q) with 3p−1
2
< q < 2p− 1 .
Proof. If 3p−1
2
< q < 2p− 1, then p−1
2
< q− p < p− 1. However, p− 1 has no divisors
in that range.
Corollary 2.3. If (p, q, r) is a symmetric triple then q < 3p−1
2
and either r = 2p− 1
or q < r ≤ 3p−1
2
.
We will characterise symmetric triples in which r = 2p− 1 in the next section.
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3 Extreme symmetric sequences
We will call a symmetric sequence extreme if the smallest prime in the sequence is p
and the largest is 2p − 1. In such a sequence the gap between the smallest and the
largest prime is as wide as possible. We will call a prime extremely symmetric if it is
the smallest prime in at least one extreme symmetric sequence.
Theorem 3.1. Suppose {p, q, 2p− 1} is an extreme symmetric triple and write q =
p+ d where d|p− 1. Then d equals either p−1
3
or p−1
2
.
Proof. Since d|p− 1 and d 6= p− 1, d ≤ p−1
2
. We also have that
(2p− 1)− (p+ d) = p− d− 1|p+ d− 1.
Since p− d− 1 6= p+ d− 1, p− d− 1 ≤ p+d−1
2
. Therefore, d ≥ p−1
3
and
p− 1
3
≤ d ≤
p− 1
2
.
Since d|p− 1, it must equal either p−1
3
or p−1
2
.
Corollary 3.2. For each prime p there are at most two possible extreme symmetric
triples beginning with p and at most one extreme symmetric sequence of length 4
beginning with p. There are no extreme symmetric sequences of length greater than 4.
4 Density
In this section we examine the density of extreme symmetric primes. If A is a set, we
denote the number of elements in A by #A. We first look at triples (p, 3p−1
2
, 2p− 1).
Let S(x) denote the number of primes p ≤ x such that (p, 3p−1
2
, 2p− 1) is an extreme
symmetric triple. First, notice that if p, 3p−1
2
and 2p− 1 are all prime, then this is an
extreme symmetric triple as the gap between each prime is p−1
2
which divides p − 1
and p−1
2
. Since p is odd, 3p−1
2
is integer. Writing p = 2k + 1 for k ≥ 1, we have
(p,
3p− 1
2
, 2p− 1) = (2k + 1, 3k + 1, 4k + 1).
Therefore,
S(x) = #
{
k ≤
x
2
: 2k + 1, 3k + 1, 4k + 1 ∈ P
}
.
It is not known whether there are infinitely many primes p such that 2p − 1 is
also prime. Hence, it is also unknown whether S(x) is finite or infinite. Let F =
3
{f1, ..., fm} be a set of linear functions in one variable with integer coefficients and
positive leading coefficients. F is called admissible if
∏m
i=1 fi has no fixed prime
divisor, meaning that for any prime p, there is some integer kp, such that p does
not divide
∏m
i=1 fi(kp). The three linear functions f1(k) = 2k + 1, f2(k) = 3k + 1,
f3(k) = 4k+1 form an admissible set. The following well know conjecture, known as
the Prime k-tuples Conjecture, would establish that S(x) is infinite.
Conjecture 4.1. Let F = {f1, ..., fm} be an admissible set of linear functions. Then
there are infinitely many integers k such that all of f1(k), ..., fm(k) are primes.
We use Cramer’s random model of the primes to obtain a heuristic estimate for S(x).
The paper [2] provides a good summary of the method and numerous examples of
its use. Under Cramer’s model, the probability of an integer k being prime is about
1
log k
. Let {f1, ..., fm} be a set of linear functions. If the probability that fi(k) is prime
is independent of the probability of fj(k) being prime for all 1 ≤ i, j ≤ m, then the
probability that all fi(k) are prime should be approximately(
m∏
i=1
log(fi(k))
)−1
.
By integrating this function we obtain an estimate for the number of k such that all
{fi(k)} are prime. Cramer’s method adjusts this integral by a factor which measures
how close the {fi} are to being independent. The resulting estimate is:
∏
p∈P
(1− ω(p)/p)
(1− 1/p)m
∫ N
2
dy∏m
i=1 log(fi(y))
.
where ω(p) is defined by
ω(p) := #
{
k : 0 ≤ k < p :
m∏
i=1
fi(k) = 0 (mod p)
}
.
When the set of functions is {2k + 1, 3k + 1, 4k + 1} we have ω(2) = 1, ω(3) = 2 and
ω(p) = 3 for p ≥ 5. We then get the following estimate for S(x):
S(x) ∼
9
2
∏
p≥5
(1− 3/p)
(1− 1/p)3
∫ x/2
1
dy
log(2y) log(3y) log(4y)
. (1)
The constant
∏
p≥5
(1−3/p)
(1−1/p)3
is approximately 0.635166354604222. Table 1 shows a
comparison of actual values and estimated values of S(x). Earlier we noted that the
initial prime p in the triple was of the form 2k+1. In fact, it can be seen that p must
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Actual Estimated
x number number
1,000 1 8
10,000 15 27
100,000 111 122
1,000,000 623 659
10,000,000 3990 3988
100,000,000 26179 26041
Table 1: Table of actual and estimated values of triples (p, 3p−1
2
, 2p− 1)
be of the form 12k+1, since if p = 5 (mod 12) then 3 divides 2p−1 and if p ∈ {7, 11}
(mod 12) then one of 3p−1
2
or 2p − 1 is even. So instead of counting prime triples of
the form (2k+1, 3k+1, 4k+1), we could consider primes (12k+1, 18k+1, 24k+1).
However, this produces the same estimate for S(x).
We now consider extreme symmetric triples of the form (p, 4p−1
3
, 2p − 1). Let T (x)
denote the number of primes p ≤ x such that (p, 4p−1
3
, 2p−1) is an extreme symmetric
triple. In order for 4p−1
3
to be an integer, we must have p = 1 (mod 3). If p, 4p−1
3
and
2p− 1 are all prime, then this is an extreme symmetric triple as the two gaps are p−1
3
which divides p− 1 and 2(p−1)
3
which divides 4p−1
3
− 1 when p = 1 (mod 3). Writing
p = 3k + 1, where k ≥ 1, we have
(p,
4p− 1
3
, 2p− 1) = (3k + 1, 4k + 1, 6k + 1).
Therefore,
T (x) = #{k ≤
x
3
: 3k + 1, 4k + 1, 6k + 1 ∈ P}.
For the set of functions {3k + 1, 4k + 1, 6k + 1} we have ω(2) = 1, ω(3) = 1 and
ω(p) = 3 for p ≥ 5. We then get the following estimate for T (x):
T (x) ∼ 9
∏
p≥5
(1− 3/p)
(1− 1/p)3
∫ x/3
1
dy
log(3y) log(4y) log(6y)
. (2)
Table 2 shows a comparison of actual values and estimated values of T (x). The
estimates for S(x) and T (x) indicate that there are roughly 4
3
more extreme symmetric
triples of the form (p, 4p−1
3
, 2p− 1) than of the form (p, 3p−1
2
, 2p− 1).
Finally, we look at the extreme symmetric quadruple (p, 4p−1
3
, 3p−1
2
, 2p − 1). This
sequence forms a complete sub-graph of the graph, described in [1], in which nodes
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Actual Estimated
x number number
1,000 9 11
10,000 26 37
100,000 142 165
1,000,000 864 887
10,000,000 5326 5359
100,000,000 34863 34957
Table 2: Table of actual and estimated values of triples (p, 4p−1
3
, 2p− 1)
Actual Estimated
x number number
1,000 1 1
10,000 2 3
100,000 9 12
1,000,000 43 51
10,000,000 249 258
100,000,000 1465 1452
Table 3: Table of actual and estimated values of quadruples (p, 4p−1
3
, 3p−1
2
, 2p− 1)
are labelled by primes and paths exist between two primes if they form a symmetric
pair. The first two extreme symmetric sequences of this form are (661, 881, 991, 1321)
and (6121, 8161, 9181, 12241). In order for both 4p−1
3
and 3p−1
2
to be integers we must
have p = 1 (mod 6). Writing p as 6k + 1 and letting W (x) denote the number of
extreme symmetric quadruples with smallest prime ≤ x, we have
W (x) = #{k ≤
x
6
: 6k + 1, 8k + 1, 9k + 1, 12k + 1 ∈ P}.
For the set of functions {6k + 1, 8k + 1, 9k + 1, 12k + 1} we have ω(2) = 1, ω(3) = 1
and ω(p) = 4 for p ≥ 5. We then get the following estimate for W (x):
W (x) ∼ 27
∏
p≥5
(1− 4/p)
(1− 1/p)4
∫ x/6
1
dy
log(6y) log(8y) log(9y) log(12y)
. (3)
The product
∏
p≥5
(1−4/p)
(1−1/p)4
is approximately 0.3074948895. Table 3 shows a compari-
son of actual values and estimated values of W (x).
Sets of the form {2k + 1, 3k + 1, 4k + 1} and {3k + 1, 4k + 1, 6k + 1} can be sieved
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using Brun’s method (see, for example, [4]) to give an upper bound:
S(x), T (x) = O
(
x
(
log log x
log x
)3)
. (4)
Similarly, the set {6k + 1, 8k + 1, 9k + 1, 12k + 1} can be sieved to give an upper
bound:
W (x) = O
(
x
(
log log x
log x
)4)
. (5)
The estimates (4) and (5) are consistent with the upper bounds for S, T and W in
(1), (2) and (3).
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